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Abstract— Fuzzy inference has numerous applications, randghese is given by Kosko [131]. The inference methodology we
ing from control to forecasting. A number of researchers employ here is discussed in [159]. An overview is presented
have suggested how such systems can be tuned during apbelow to motivate our discussion of adaptation of And/Or oper-
plication to enhance inference performance. Inference pa- ators in section A.
rameters that can be tuned include the central tendency and  Let the input variables bg, for 1 < p <P. Thei" mem-
dispersion of the input and output fuzzy membership func- bership function in the fuzzifier corresponding to thi€ input
tions, the rule base, the cardinality of the fuzzy membership is {uip | 1<i<Np}. We denote the single output dy with
function sets, the shapes of the membership functions and corresponding defuzzification membership functi¢n| 1 <
the parameters of the fuzzy AND and OR operations. In k < K}. Generalization of inference and adaptation techniques
this paper, an overview of these tuning procedures is given. to more than one output is straightforward.

An extensive bibliography is provided of recent literature on In the following analysis, for purposes of simplicity, we con-
the topic. sider the casP = 2 without loss of generality. Definingp, = N
for p=1, andN, = M for p = 2, for a given output membership
|. INTRODUCTION functionvk, the rules are of the form:

A general fuzzy inference system consists of three parts (segf y, s W, andx; is Hé OR Ifxgisp andxispg OR
Fig. 1). A crisp inputis fuzzified by input membership functions,
and processed by a fuzzy logic interpretation of a set of fuzzy
rules. This is followed by the defuzzification stage resulting in

a crisp output. The rule base is typically crafted by an expebgfine a set
though self organizing procedures have been suggested [8, 135,

147,146, 145, 156, 214, 217, 220, 231]. S=  {l,m] t andy are antecedents of a rule with

Then ... f is vk,

consequent®} 1)
Input 5 Fuzzy E Output The familiar operations to arrive at the output are as follows.
|::> N Rule base N |::> 1. Perform a pairwise fuzzy intersectidn on each of the
,_% &Ilznfe.rence 0 membership values of andx, in pj andpy for every rule
ngine a Control with consequentk, forming activation valueg:
Forecasting

1 A T A t Estimation Zl‘mzlmgs( (M (%), 15(X2)). (2)

Error Let us assume that th& {norm) operatof itself is param-
@@ () () ) (e) eterized bya, i.e., T = T(a).

2. Collect activation values for like output membership func-
Figure 1: Block diagram of a general fuzzy inference system:  tjons and perform a fuzzy unioh*, whereT* = T*(B)
The error value from a given performance measure is fed back
and used to adapt all or one of the following: (a) Membership W= T* (Z}‘m) ©)
function shapes and cardinality (b) & (d) And/Or aggregation 1 meSc
operators, (c) The rule base, and (e) The defuzzification tech3. These values are defuzzified to generate the output esti-
nigue. mated value,f(x1,%2), by computing the centroid of the
composite membership functiqn

There are a number of different ways to implement the fuzzy
inference engine. Among the very first such proposed tech-

niques is that due to Mamdani [156], which describes the in- H o= %kak 4)
ference engine in terms of a fuzzy relation matrix and uses the K=1

compositional rule of inference to arrive at the output fuzzy set ZE—lwkaAk

for a given input fuzzy set. The output fuzzy set is subsequently y(Xa, %) = m, (5)

defuzzified to arrive at a crisp control action. Other techniques
include sum-product and threshold inferencing. A review of where



; 218]. Other algorithms such as random search and conju-
[ _xv(x) dx gate gradientdescent can be used in tuning such parameters
A= [Vode =T ©® sl
. ) e Pruning the number of input and output membership func-
Ay andcy are, respectively, the area and centroid of the tions, [194, 220].

consequent membership functioh ¢ Adapting the shape of membership functions (see sectjon IV.

Il. ADAPTATION IN FUZZY INFERENCESYSTEMS o Adaptation of And/Or aggregation operators. This could

] occur when the expert designing the rule base is satisfied
All of the stages of the fuzzy inference system are affected by \yith poth the cardinality and shape of membership func-

the choice of certain parameters. A list follows. tions, as well as the setting up of rules.
A. The Fuzzifier As part of the last two categories, we present a technique
The fuzzifier in Fig. 1 maps the input onto the possibility domaifpr @dapting the shape of membership functions, as well as a
and has the following parameters: broad methodology for tuning generalized aggregation opera-
. ] tors in a fuzzy inference system. For details of other similar
1. The number of membership functions. techniques, the reader is referred to the extensive bibliography
2. The shape of the membership functiomg(triangle, Gaus- which includes works in the area of adaptive fuzzy inferencing
sian, etc.) performed over the past few years.
3. The Central tendencg(g. center of mass) and dispersion
(e.g.standard deviation, bandwidth, or range) of the mem- |ll. A DAPTATION OF GENERALIZED AGGREGATION
bership function. OPERATORS

Ever since the advent of fuzzy sets [239] and fuzzy control [240,
156], evaluation of fuzzy rules has been widely performed using
The inference engine is the system “decision maker” and detgfe Min and Max operators for fuzzy intersection and union.
mines how the system interprets the fuzzy linguistics. Its p&ther operators for performing fuzzy intersection and union ex-
rameters are those of the aggregation operators. which provigle[129]. They fall in the general class &tnorms (for inter-
interpretation of connectives "AND” and “Or”. section) andT-conorms (for union). A good overview of the
C. The Defuzzifier theory of such operators is presented by G_upta [6_3]. Des_ign of
fuzzy controllers based on such operators is considered in [64]
The defuzzification stage maps fuzzy consequents into crisp oyhere it is shown, through simulation studies, that the perfor-

B. The Inference Engine

put values. Its design requires choice of mance of a fuzzy controller very much depends on the choice
1. The number of membership functions. of the T-operators for a specific problem. The nature of this
2. The shape of membership functions. dependence however, is not clear due to the complexity of the

3. The definition of fuzzy implicationi,e., how the value of fuzzy controller, arriving at an analytic solution to this problem
the consequents from the inference engine impact the o@iRP€ars to be very difficult. Nonetheless, for a given choice of
put membership functions prior to defuzzification. parameterized -operators, we will show here that obtaining an

4. A measure of central tendency of the consequent alte@@fimum solution for the value of these parameters is possible.
output membership functions. The center of mass is typtlis in turn means that we can arrive at the best representation
cally used, although use of medians and modes can alsd®e@ given set of union and intersection operators in a fuzzy

used to arrive at the crisp output. inference system, for a given problem.
The process of gradual fine tuning of the values of the pa-

It is thus seen that both the fuzzification and defuzzificatiqQ meters of parameteriz@doperators involves performing gra-
stages require choices of cardinality, position and shape of M&fsn¢ descent on such parameters in a supervised learning en-
bership functions. The defuzzification operation itself can Rgonment. We will use techniques analogous to membership

parameterized, and the inference engine requires choices GR&-tion tuning to update the values of the parameters of union
made among numerous fuzzy aggregation operators, which cQild intersection operators.

be parameterized.

All of these parameters can be adaptively adjusted by mofy- Backward Adjustment
itoring a certain target performance measure in a supervisgie steps to adapt the fuzzy union and intersection operators
learning environment. Over the years numerous techniques {@thin a supervised learning environment, are as follows.
adaptation of fuzzy membership functions, rule bases, and agwe first form the error function by taking the squared dif-
gregation operators have been proposed. These techniquesdfence between the estimated outpuaind the desired target

clude but are not limited to: valuet:
» Procykand Mamdani's self-organizing process controller [177] E= %(f —t)2 (7)
\t/iv:r:(_:h considered the issue of rule generation and adaptaA§sume now that we wish to update paramatef the inter-
¢ Numerous methods involving the performing of steepegFCtlon operatoT by an amounda. We have:
descent on the centroid and dispersion parameters of input oE

and output membership functions [76, 110, 140, 159, 169, Aa O Frk (8)
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The operatorg andT * are usually defined for two input vari-
ables. This poses no problem in determindig/da as in our
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The incremental updatsa to the parametex can now be com-
puted via Eq. 8.

dTo

¥ (15)

IV. ADAPTATION OF THE SHAPE OF MEMBERSHIP
FUNCTIONS

As a simple example of adaptation of the shape of a membership
function, consider the membership function
w(xv) = (1—[x))"M1(x/2) (16)
wherell(x/2) = 1 for |x| < 1 and is zero otherwise. For=1,
Equation 16 is the familiar triangle function while, foe= 0, itis
a rectangular (crisp) membership function.\As; o, the func-
tion w(x;Vv), by the central limit theorem, becomes Gaussian in
shape (with zero width). Note, when using backpropagation,

problemT is only a function of two input variables. However

to determina)wk/az}‘m we need to extend the definition of
to N input variables. This can be done using tssociativity

W(x;V) V"I\Twsgr(x)l'l(x/ 2)

v

property of fuzzy unions and intersections. For instance, given

four input variables, x2, X3, X4, we perform a fuzzy uniof *
on them, in the following wayT *{T*[T*(x1,X2),X3],Xa}.

Denote a generai-operator byT. The above extension can

be written as:

To(G,Xl,Xz)
Tl(aaTO,X3)
TZ(G,TZ,X4)

(o, Tn—1,XN42)

(12)
Denote:
OT (o, Tn—1,%
TV (0, Tue 1, Xn2) = ( ';1 N+2) (13)
o
We have:
ﬂ — T(l) 0Tn dTn-a 0Tn 6xN+2
oa N T 9Tno1 da OxXng2 Oa
@, O0Tn dTn-a
= T — 14
N +0TN,1 a(} ( )

sincedxny2/0a =0
This can in turn be written in the following recursive way:

dTy
Joa

0TN
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+ N-1F 0Tn_2 Oa
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Other examples of shape adaptation have, to the best of our
knowledge, not been published.

V. CONCLUSIONS

Performance of fuzzy inference systems can be improved by
adaptively tuning a subset of its large number of parameters.
The error value formed by comparing actual performance to tar-
get performance is used in the adaptation process. The subset
choice resulting in the best performance improvement remains
unclear. The error value can be fed back as additional input
also, though this could have implications for the stability of the
system.
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